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Fluid Mass Associated with an Axisymmetric Parachute Canopy

Paul C. Klimas*
Sandia Laboratories, Albuquerque, N. M.

An analytical technique for calculating the fluid mass associated with parachute canopies of arbitrary
axisymmetric cross section operating in an in viscid, incompressible fluid is presented. The effects of porosity,
both nominal and geometric, are included. The procedure replaces the physical parachute canopy with a
mathematical vortex sheet of a strength which is determined through application of velocity boundary con-
ditions. The strength then is used to find the fluid kinetic energy. Equating this energy to the system translational
kinetic energy gives the mass in question. Final and intermediate results compare favorably with those of
previous analysis and experiment.

I. Introduction

K NOWLEDGE of the air mass associated with the
trajectory of a parachute canopy is required to describe

that trajectory analytically. Because of the complexities
associated with typical canopy geometries and the porous
nature of their surfaces, computations in the past have relied
very heavily upon experimental determination of this mass.
This paper details a procedure for calculating the sum of
included and additional mass inherent in the axial motion of
parachutes with arbitrary axisymmetric cross sections.

II. Analysis
Lambl gives the kinetic energy of a stream of vortex rings

immersed in an incompressible, inviscid fluid which is at rest
at infinity as

(i)

where
T= kinetic energy
p = fluid density
T = strength of an individual vortex ring
¥ = value of the stream function at the vortex ring under

consideration

and where the summation is taken over all of the rings in the
system. Equation (1) may be modified to apply to a system of
axisymmetric vortex sheets through

T=i (2)

where 7 = dT/dsi and 5 is the coordinate measured along the
sheet or sheets comprising the system. Since T=I/2mV2,
where V is the known speed of the system and m the sought-
after mass of fluid set in motion by the vortex sheets, a vortex
sheet parachute aerodynamic model in which y and ¥ were
known would allow equating the two kinetic energy ex-
pressions and subsequent solution for m.

Modeling a parachute canopy by a vortex sheet placed to
coincide with the physical location of the canopy (Fig. 1) is
quite appropriate. This type of singularity has zero thickness,
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thus resembling a thin fabric, and porosity may be built in by
constructing gaps in individual sheets representing the canopy
or otherwise allowing flow across the sheets.

The approach taken here will be to obtain the sheet strength
distribution by applying velocity boundary conditions. Once
these 7*8 have been found, they will be used to compute the
required stream function values. For computational con-
venience, the sheet takes the form of conical frustrum
segments which run between preselected points along the
actual canopy boundary (Fig. 2). Along each segment the
vortex sheet strength 7 is allowed to vary linearly between
"corner" points. Here, arbitrarily choosing the segment
between corners 1 and 2, the local sheet strength is

where s is the location coordinate measured along the sheet
from its beginning in space and the subscripts denote corner
values. The axial and radial velocity components at a point
(x,r) in space due to a segment of sheet between Si and s2
may be written from the Biot-Savart Law as

2ir(s2-i

v =

2ir(s2-i

2irr(s2-i

r/ r227rr(s2-s7)

in which

ri
2=(x-x')2+ (r+r')2

r2
2=(x-x')2+ (r-r')2

and where K and E are complete elliptic integrals and are
defined along with their modulus k by the following:

K=
7T/2

(l-k2sm2a]'/2

r*/2
=\ [l-k2sin2a]'/2da

J o
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Fig. 1 Parachute replaced by a vortex sheet composed of ring
vortices.

CORNER 3

Fig. 2 Canopy sheet of Fig. 1 replaced by conical frostrum sheet
segments for computational convenience.

with the angle a being the circumferential location of a point
around the frustrum, and x', r' the axial and radial locations
of a point on the frustrum, respectively. Note that these
equations may be integrated without knowledge of the
specific values of the 7 / ory2.

In the case of continuous surface canopies the number of
unknown y's is equal to the number of conical frustrum
segments (N) plus one. All but one of these unknowns are
found by requiring that the velocity contributions of each
segment plus that of the freestream be tangent to the sheet at
some point on each frustrum. Specification of the last
unknown is made a priori by requiring the fluid to leave the
trailing edge of the sheet smoothly (the Kutta condition
employed in airfoil analyses). Then one of the 7*5 is zero and
the velocity equations yield a set of N simultaneous linear
algebraic equations in the remaining TV unknown 7*8. Discrete
application of the no-normal-flow boundary condition does
not present a drawback. With this procedure there is flow
across the canopy surface between the boundary condition
points, thus modeling a porous fabric. For ribbon parachutes
(or other discontinuous surface types), the number of
unknown 7's is equal to the number of frustrum segments
plus the number of ribbons (or the number of physical sur-
faces) comprising the canopy. Again, the velocity boundary
conditions provide enough equations for the first group and a
Kutta condition application at the trailing edge of each ribbon
or surface will send the remainder to zero. Note that the form
of velocity boundary conditions used here implies steady-state
operation. However, there is no obstacle to including a
dynamic boundary.

Once the 7*5 are available, the other required quantity in
Eq. (2) may be obtained. The stream function2 associated
with one such segment is

?~7; sds

—]*-r,£J,,
III. Numerical Calculation

As long as the point at which the velocity is sought does not
lie on the contributing portion of the sheet, integration of the
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Fig. 5 Fluid mass ratios of hemispherical cup ribbon parachutes.

velocity equations is straightforward. The elliptic integrals, K
and £", here were evaluated using standard computer
subroutines. The s-type integrals were evaluated using 4-10-
point Gaussian quadrature routines,3 depending upon the
proximity of the contributing frustrum to the point where the
velocity was being evaluated. If, however, the latter point fell
on the contributing segment, the integral became improper. In
these cases a characteristic peculiar to vortex sheets was used
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to evaluate the integrals in question. The velocity of a point
on a vortex sheet is not a function of the infinitesimal sheet
area upon which it is located. Consequently, it was felt that
the velocity contribution could be evaluated adequately by
integrating from the beginning of the segment to within a very
small distance of the boundary condition point, stopping, and
then resuming the integration from a very small distance
beyond the point to the end of the segment. Trial and error
showed that essential convergence was attained by omitting
the interval between ±0.0001 (s2 — s/) of the boundary
condition point. The N simultaneous linear equations in the
N unknown y's expressing the no-normal-flow boundary
condition then were solved by matrix inversion subroutines to
produce the y's.

IV. Results
The validity of the vortex sheet representation may be

assessed by modeling a solid hemispherical cup and com-
paring the surface velocity distributions with those calculated
analytically by Ibrahim.4 This (steady-state) comparison is
given in Fig. 3. The model assumed 16 equal surface length
frustrums, and the no-normal flow boundary conditions were
applied at the midpoint of each segment. The porosity of
mathematical "fabric" was negligible for all elements except
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Fig. 8 Surface pressures on a fully inflated 10% geometric porosity
ribbon parachute.
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Fig. 9 Surface pressures on a fully inflated 25% geometric porosity
ribbon parachute.

for that one which was nearest the skirt. Because fluid speeds
become infinite at vortex sheet edges having nonzero
strengths, there exist very high pressure differentials near
these edges and correspondingly high mass flows across the
sheets. The effective porosity of the canopy (defined as the
ratio of average velocity normal to the fabric to the freestream
velocity) was 0.044. This value is shown in Fig. 4 along with
some actual fabric data.5 The result of equating Eq. (2) to
l/2 mV2 for this canopy gave an associated fluid mass of
0.9938 ms, where ms is the mass of fluid displaced by a sphere
having a radius equal to that of the cup. This compares to
Ibrahim's value of 1.068w5, the lower present value being
attributable to leakage across the canopy surface.

The trend of decreasing associated fluid mass with in-
creasing porosity is seen in the Fig. 5 plot of m/ms for
hemispherical ribbon parachutes of varying geometric
porosity (Xg). The model assumed 16 equal surface-length
ribbons whose vortex sheet strengths varied from zero at each
ribbon trailing edge linearly to the leading edge value which
caused the no-normal-flow boundary condition to be satisfied
at the midpoint of each ribbon. The validity of this
representation may be judged from the Fig. 6 plot of dif-
ferential surface pressures. The Xg = 0 version does not
coincide with the solid surface result, this being because of
appreciable fabric porosity. This porosity is directly at-
tributable to the discontinuous distribution of sheet strength,
there now being 16 nonzero strength sheet edges. The effective
porosity was 0.232 ±0.007 for all values of \g considered.
Relative to the solid cup, the lower pressures near the skirt of
the porous models arise from a lower degree of turning
required of the fluid here whereas the opposite is the case
farther back on the surface. The effective porosities of the
entire canopies (ribbons plus gaps) are shown in Fig. 7.

Some actual ribbon canopies also have been modeled. The
experimental6 and calculated pressure distributions on two
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fully inflated, steadily operating 10 and 25% Xg ribbon
parachutes are given in Figs. 8 and 9, respectively. The
pressures agree reasonably well over the portions of the
canopies which are forward of the probable separation points.
The better overall agreement seen in the 25% \g case is likely
due in part to the easier replacement of low-energy outer-
surface air by high-energy internal air through the relatively
wide ribbon gaps. In this way the actual flow near the surface
more closely resembles that of an inviscid fluid. The boundary
condition application points were 20 and 28% of ribbon width
measured from the ribbon trailing edges for the X# = 0.10 and
Xg = 0.25 cases, respectively. Moving these points aft from the
midelement location has the effect of reducing differential
pressures, and, consequently, the mass flow across the sheet.
The "fabric" effective porosities were 0.061 for the Xg
= 0.010 model and 0.122 for the 0.25 version. The qualitative
behavior continued into the canopy effective porosities, which
were 0.127 and 0.256. The m/ms value for the 10% canopy
was 0.749, whereas that for the higher porosity example was
expectedly lower at m/ms = 0.414. Here ms was based on a
sphere whose radius equaled the maximum radial dimension
of the inflated canopy.

V. Conclusions
The ability to calculate fluid masses associated with

parachute canopies of fixed arbitrary axisymmetric cross

section operating in an incompressible, inviscid fluid has been
demonstrated. No obstacle exists to extension of the approach
to include nonsteady geometries.
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